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“The noise is the signal”[R. Landauer, Nature 392, 658 (1998)] emphasizes the rich information
content encoded in fluctuations. This paper assesses the dynamical role of fluctuations of a quantum
system driven far from equilibrium, with laser-aligned molecules as a physical realization. Time
evolutions of the expectation value and the uncertainty of a standard observable are computed
quantum mechanically and classically. We demonstrate the intricate dynamics of the uncertainty
that are strikingly independent of those of the expectation value, and their exceptional sensitivity
to quantum properties of the system. In general, detecting the time evolution of the fluctuations of
a given observable provides information on the dynamics of correlations in a quantum system.
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For a general quantum system, a measurement of an
observable is, in principle, of probabilistic nature. For
many macroscopic thermodynamic quantities of a large
system in equilibrium, the ensemble average is sufficient
to represent the outcome distribution, and fluctuations
from the average, quantitatively characterized by the un-
certainty, are negligible [1]. Nevertheless, there has been
a growing number of studies evidencing that fluctuations
can play a key role in various systems, with recent im-
petus from advanced experimental techniques that en-
able the manipulation of small systems or the resolution
of microscopic non-coarse-grained properties to an un-
precedented degree. For instance, fluctuations of persis-
tent currents in mesoscopic metal rings [2–4] shed light
on the electronic static correlation and diffusion. This
long-standing controversy has been solved lately using
a scanning superconducting quantum interference device
[5] and microtorsional magnetometry [6]. Also, density
fluctuations of a Bose-Einstein condensate (BEC) in an
optical lattice manifest the quantum phase transition to
a Mott insulator [7–9], which has been directly probed
by means of a newly developed single-atom- and single-
site-resolved fluorescence imaging technique [10].
The aforementioned examples illustrate the impor-
tance of static fluctuations in an equilibrium system.
Now it is even more intriguing to consider the dynamics
of fluctuations and their information content in a non-
stationary quantum system. To the best of our knowl-
edge, such examples are scarce. A recent work on nu-
clear magnetic resonance in a semiconductor nanowire
perturbs and monitors the real-time spin fluctuations in
demonstration of their ability to harness spin noise [11].
Another experiment quenches a spin-1 BEC in an optical
trap and measures the fluctuations of the freely evolved
spin population, which indicate the limitations of mean-
field theory [12]. In these specific cases, the temporal
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variation in the uncertainty predominantly follows the
temporal variation in the expectation value in a mono-
tonic fashion. That is, the dynamical behavior of the
uncertainty can be intuitively inferred from that of the
expectation value.
In this paper, we assess the dynamics of the fluctu-
ations of an observable that are not intuitively related
to the dynamics of the expectation value of that observ-
able in a quantum system driven far from equilibrium.
For this purpose, an ensemble of laser-aligned molecules
[13, 14] is chosen as a physical realization, a system it-
self of ongoing attention across various disciplines such
as molecular strong-field and attosecond physics [15, 16]
and diffractive imaging of isolated molecules with x rays
[17, 18] or electron pulses [19]. We study the time evolu-
tion of the expectation value of a commonly used one-
body operator 〈Oˆ〉 as well as that of the uncertainty
∆O ≡ (〈Oˆ2〉 − 〈Oˆ〉2)1/2 by numerically solving the ex-
act time-dependent Schro¨dinger equation of the model
system and its classical counterpart. In contrast to the
above spinor systems [11, 12], the laser-driven rotors pro-
vide insight that the dynamics of the uncertainty can be
completely decoupled from those of the average: The un-
certainty displays significant and intricate motion while
the average is temporarily static. The counterintuitive
dynamics of the uncertainty reflect higher order quan-
tum coherence in the molecular density matrix and a hid-
den order of the alignment distribution, both inaccessible
through the dynamics of the average. Also, we show that
the time evolutions of the uncertainty more efficiently
distinguish between quantum and classical descriptions.
Finally, we point out that the dynamics of fluctuations of
a one-body observable may be a general tool for gaining
insight into the dynamics of two-body correlations in a
nonequilibrium quantum many-body system.
For computational implementation, we consider a ther-
mal ensemble of gas-phase bromine molecules 79Br−81Br
driven by an intense nonresonant laser pulse linearly po-
larized along the z axis. Molecular relaxation via colli-
sions is not included, since it does not much affect the
alignment dynamics on the time scale of interest in nor-
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2mal molecular beam experiments [14, 20]. The total
Hamiltonian for each molecule is Hˆ(t) = Hˆrot + Hˆint(t).
Here, Hˆrot = BJˆ
2 represents the Hamiltonian for a free
rigid rotor, with B the rotational constant and Jˆ the an-
gular momentum operator. Hˆint(t) describes the laser-
molecule interaction [14, 20, 21]:
Hˆint(t) = −2piαI(t)∆α
(
cos2 θ − 1
3
)
, (1)
where α is the fine-structure constant, I(t) the cycle-
averaged pulse intensity, ∆α the dipole polarizability
anisotropy, and θ the polar angle between the molec-
ular axis and the laser polarization axis. The conven-
tional observable adopted in the literature is Oˆ = cos2 θ
[13, 14], an order parameter specifying the degree of
alignment, and typically only its expectation value is
of concern [13, 22–26]. We solve the quantum dynam-
ics of the expectation value 〈cos2 θ〉 and the uncertainty
∆ cos2 θ using the ab initio numerical techniques detailed
in Refs. [17, 21]. Since uncertainty lies at the heart of
quantum mechanics, the classical dynamics are also cal-
culated with the recipe from Ref. [20]. This allows us to
scrutinize the quantum-classical correspondence not only
for the average [20, 27–30] but also for the uncertainty.
The molecules are initially at a rotational temperature
0.5 K and are pumped by a Gaussian pulse centered at
t = 0 ps. The pulse’s peak intensity Imax is tuned to
obtain a maximum degree of alignment of 〈cos2 θ〉 ≈ 0.8.
By varying the FWHM pulse duration τFWHM, we discuss
the time evolutions of the expectation value and the un-
certainty in the two most instructive cases: the adiabatic
and the impulsive limits.
Figure 1 illustrates the dynamics of 〈cos2 θ〉 and
∆ cos2 θ in the adiabatic regime, where the pulse is slowly
ramped with respect to the characteristic molecular ro-
tational period of 420 ps. The parameters used are
τFWHM = 1 ns and Imax = 2× 1011 W/cm2. First we fo-
cus on the quantum dynamics. The quantum mean value
〈cos2 θ〉 in panel (a) is a smooth curve mimicking I(t).
The alignment mechanism in this scenario is described by
the adiabatic evolution of each field-free rotational eigen-
state into an instantaneous field-dressed pendular state
[13, 31]. The quantum fluctuation ∆ cos2 θ in panel (b) is
mainly a function anticorrelated with 〈cos2 θ〉. For cos2 θ
probes microscopic properties of individual molecules,
the magnitude of ∆ cos2 θ is non-negligible. However, the
dynamical behavior of the uncertainty is not truly sur-
prising: We expect a reduction of the uncertainty when
the average approaches its extreme value(s). In our case,
this means ∆ cos2 θ → 0 as 〈cos2 θ〉 → 0, 1. Such is the
intuitive dynamical relation between expectation values
and uncertainties that can also be found in Refs. [11, 12].
Next we compare the classical and quantum dynamics
in Fig. 1. Albeit adiabatic alignment is usually consid-
ered an intensively studied problem readily understood
in classical terms [13], the classical and quantum aver-
ages and uncertainties still show quantitative discrep-
ancies. The subtle quantum effect is especially appar-
FIG. 1. (Color online) Laser-induced alignment dynam-
ics of Br2 molecules under adiabatic conditions: (a) mean
〈cos2 θ〉(t) and (b) fluctuation ∆ cos2 θ(t). Red solid curves
for quantum results; blue dot-dashed curves for classical ones.
See text for parameters used.
ent for ∆ cos2 θ. Interestingly, the classical approach al-
ways overestimates 〈cos2 θ〉 yet underestimates ∆ cos2 θ,
so classical molecules are easier to align. This is because
the pendular states slightly penetrate into the angular
potential barrier [32], while the classical molecules are
strictly confined to move between the classical turning
points.
Figure 2 depicts the alignment dynamics in another
limit, the impulsive regime, where a short pulse is used
with τFWHM = 500 fs and Imax = 2.0 × 1012 W/cm2.
The quantum mean 〈cos2 θ〉 reaches the first peak slightly
after t = 0, followed by transient recurrences of the signal
and an upward baseline shift. The initial alignment is
fully reconstructed at the first rotational revival τrev =
pi~/B ≈ 210ps (with ~ the reduced Planck constant), and
is inverted at 1/2 τrev. The mechanism here is that the
kick pulse creates an initially localized rotational wave
packet, whose field-free components continue to dephase
and rephase periodically owing to their commensurate
energy spacings [13, 33].
The quantum fluctuation ∆ cos2 θ exhibits a similar
elevated baseline but wiggles dramatically at every quar-
ter revival. At 1/2 τrev and τrev, ∆ cos
2 θ is again
(anti)correlated with 〈cos2 θ〉. Nonetheless, at 1/4 τrev
and 3/4 τrev, where 〈cos2 θ〉 is essentially static and sug-
gests that the alignment order is temporarily lost due
to wave-packet dephasing, ∆ cos2 θ displays contrasting
and independent beatings of a magnitude comparable
to 〈cos2 θ〉. This demonstrates that the uncertainty can
have nontrivial and intricate dynamics notably distinct
from those of the average alignment order parameter and
that, in this case, both of them are equally crucial for un-
derstanding the system’s dynamical properties.
The origin of the additional beatings in ∆ cos2 θ can be
explained based on an extended argument for the dynam-
3ical behavior of 〈cos2 θ〉 [34, 35]. Consider the molecular
density operator in the representation of the field-free
rotational eigenstates |J,M〉 (with quantum numbers J
for total and M for the zcomponent of angular momen-
tum): 〈JM | ρˆ(t) |J ′M ′〉. From the underlying symme-
tries, 〈cos4 θ〉 = Tr[ρˆ(t) cos4 θ] involved in the evalua-
tion of ∆ cos2 θ can be partitioned into three components
summing over different ∆J ≡ (J − J ′) = 0, ±2, ±4 but
the same ∆M ≡ (M − M ′) = 0. The first term with
∆J = 0 measures the diagonal density matrix elements,
i.e., the populations redistributed by the pulse, resulting
in a constant background shift. The second part with
∆J = ±2 probes the off-diagonal elements, i.e., the in-
duced quantum coherences. Because the energy splitting
of this type of coherence pairs is 2B(2J + 3), this part
contributes to a signal in 〈cos4 θ〉 beating with a period
τrev. Similarly, the last term also extracts off-diagonal el-
ements but a different coupling pair with ∆J = ±4. Fol-
lowing an energy splitting of 4B(2J + 5), this type of co-
herences leads to a signal reviving every 1/2τrev and with
a flipped sign at odd multiples of 1/4 τrev. Consequently,
the dynamics of ∆ cos2 θ manifest the additional quan-
tum coherences ∆J = ±4 in the density matrix, whereas
the dynamics of 〈cos2 θ〉 reflects coherences only up to
∆J = ±2. As subgroups of wave packet components
partially rephasing at fractional revivals is a general phe-
nomenon for an initially localized quantum system with
discrete energy spectrum [36], the discussion here may
find its analogies in other physical systems, such as Ry-
dberg atoms [37], vibration of molecules [37], or bosonic
Josephson junction [38]. Note that the faster beating dy-
namics of the uncertainty (or even higher moments) fa-
cilitate the detection of the quantum revivals, especially
when the revival of the mean value is too long to be ob-
served experimentally or is destroyed by decoherence.
Notice that the baseline of ∆ cos2 θ, like that of 〈cos2 θ〉
[20], is upshifted, with a strong-field limit ∆ cos2 θ →
1/
√
8. Because the background of ∆ cos2 θ grows even
higher than the value for an isotropic distribution, given
the same maximum degree of alignment of 0.8, molecules
aligned impulsively have a fluctuation (≈ 0.24) higher
than those aligned adiabatically (≈ 0.17).
The classical dynamics in Fig. 2 reproduce well the
short-term quantum evolutions of both 〈cos2 θ〉 and
∆ cos2 θ until their breakdown first flagged by ∆ cos2 θ at
1/4 τrev. Afterwards, the classical calculations show no
revival but capture accurately the baselines of the quan-
tum mean and uncertainty, which stem from the static
population elements ∆J = 0. It is interesting that the
time average of the quantum mean coincides with the
baseline level, so the classical treatment can predict the
time averaged impulsive alignment process in reference
to 〈cos2 θ〉 [20, 28]. Yet, the time average of the quan-
tum uncertainty is lower than the baseline, preserving
the influence of the quantum coherence ∆J = ±2 due to
the 〈cos2 θ〉2 contribution.
Another way to inspect the dynamical information con-
tent of the uncertainty is to compare the time evolutions
FIG. 2. (Color online) Laser-induced alignment dynam-
ics of Br2 molecules under impulsive conditions: (a) mean
〈cos2 θ〉(t) and (b) fluctuation ∆ cos2 θ(t). In above-
mentioned panels, red solid curves for quantum results; blue
dot-dashed curves for classical ones. For comparison, time
evolutions of total angular probability distributions ρ(θ) com-
puted quantum mechanically and classically are plotted in (c)
and (d), respectively. See text for parameters used.
of 〈cos2 θ〉 and ∆ cos2 θ to that of the alignment distribu-
tion. Figures 2(c) and 2(d) plot the quantum and clas-
sical dynamics of the angular probability density distri-
butions integrated over the azimuthal angle φ, denoted
by ρ(θ). The distributions indicate that the quantum
and classical dynamics actually diverge much faster than
indicated by 〈cos2 θ〉 and ∆ cos2 θ. After this short pe-
riod, the classical molecules disperse rapidly, leading to
the enhanced backgrounds of 〈cos2 θ〉 and ∆ cos2 θ. On
the other hand, the quantum distribution soon develops
a complex but regular interference pattern. The most
outstanding features appear close to 1/2 τrev and τrev,
as identified by 〈cos2 θ〉 and ∆ cos2 θ. In the vicinity of
1/4τrev and 3/4τrev are the second salient features only
captured by ∆ cos2 θ. Thus, the additional dynamics
of the uncertainty signifies the formation of an order of
the alignment distribution beyond the description of the
average order parameter. At other fractional revivals,
various structures appear that are outside the grasp of
4〈cos2 θ〉 and ∆ cos2 θ and are related to even higher mo-
ments of the distribution.
It is worth noting that it is possible to resolve the
alignment distribution not only theoretically but also ex-
perimentally by Coulomb exploding the molecules and
recording the angular-resolved momentum distribution
of the ion fragments [13, 39, 40]. Based on the measured
distributions, both the average and the uncertainty of
the alignment parameter can be constructed. Also, it
is viable to find another complex observable whose ex-
pectation value is effectively sensitive to higher moments
of cos2 θ, e.g., the high-harmonic-generation signals of
impulsively aligned molecules [41–45]. Accordingly, the
dynamics of the fluctuations of this specific system are
measurable and have observable impacts on other mea-
surements.
Even in a model system, the dynamics of fluctua-
tions can be highly nontrivial. One should expect this
to be even more important for a nonequilibrium quan-
tum many-body system, where entanglement and corre-
lations further participate in regulating fluctuations [46].
To illustrate the basic idea, consider a system of N in-
teracting fermions at zero temperature with a normal-
ized many-body wave function |Φ(t)〉 in the Schro¨dinger
picture [47]. To proceed, it is instructive to intro-
duce a series of reduced density matrices that is equiv-
alent to a description in terms of the total wave func-
tion. The p-th order reduced density matrix (p-RDM)
is defined by [48, 49]: ρ(p)(r1, · · · , rp|r′1, · · · , r′p; t) ≡
〈Φ| Ψˆ†(r′1) · · · Ψˆ†(r′p)Ψˆ(rp) · · · Ψˆ(r1) |Φ〉, where Ψˆ(ri) is
the fermionic field operator [50] and ri a vector of spatial
coordinates (for simplicity, we suppress the spin). For a
general local one-body observable Oˆ, we have:
〈Oˆ〉(t) =
∫
d3r1
{
Oˆr1ρ
(1)(r1|r′1; t)
}
r′1=r1
(2)
(∆O)2(t) =
∫∫
d3r1d
3r2
{
Oˆr1Oˆr2(
ρ(2)(r1, r2|r′1, r′2; t) + ρ(1)(r1|r′1; t)δ(r1 − r2)
−ρ(1)(r1|r′1; t)ρ(1)(r2|r′2; t)
)}
r′1=r1
r′2=r2
, (3)
where Oˆri stands for an operator acting only on the un-
primed coordinate ri [49]. As the p-RDM is identical to
the p-th order spatial correlation function [48, 51], it is
evident that the information mapped out independently
by ∆O is the 2-RDM, which directly measures two-
particle properties and has diagonal terms (i.e. r′i = ri)
being the pair density [49]. The functional form of the
2-RDM is very sensitive to entanglement and correla-
tions: For classical noninteracting particles, the 2-RDM
can be perfectly factorized; for noninteracting fermions
whose wave function is a single Slater determinant, the
2-RDM can be reduced to antisymmetrized products of
1-RDMs [49, 50]. On the other hand, 〈Oˆ〉 merely re-
veals information on the 1-RDM, which measures one-
particle properties and has diagonal terms being the par-
ticle density [49]. Hence, analyzing the dynamics of the
uncertainty of a one-body observable provides a general
approach to access information on the time evolution of
the second-order correlation function. If Oˆri does not
contain any derivative with respect to the spatial coor-
dinates, i.e., Oˆri = O(ri), then only the diagonal ele-
ments of RDMs are needed [49] and the two terms in the
second line of Eq. (3) become the density-density corre-
lation function [52]. It is possible to directly construct
the density-density correlation function from a measure-
ment of a set of one-body observables. For example, we
mention the impressive works on BEC utilizing absorp-
tion images [53–55] or single-atom-resolved in situ imag-
ing technique [10, 56], very recently even to probe the
time-resolved density-density correlation function [57–
59]. Yet, it is generally more feasible in other cases to ex-
tract condensed information on the density-density cor-
relation function or less restrictedly the 2-RDM based on
the noise analysis of a measurement of a single one-body
observable.
To conclude, using laser-aligned molecules as a con-
crete example of a highly nonequilibrium quantum sys-
tem, we demonstrate that the uncertainty of the align-
ment order parameter can probe nontrivial and intricate
dynamics remarkably distinct from those shown by the
average alignment order parameter, bringing information
inaccessible by the average. Also, we illustrate that the
dynamics of the uncertainty are more sensitive to the
discrepancy between quantum and classical approaches.
Lastly, we remark that the dynamics of the uncertainty
of a one-body observable offer a general and valuable tool
for studying real-time two-body correlations in a many-
body system, due to its close connection with a two-body
operator and the second-order correlation function. For
more than a century, fluctuations have kept revolutioniz-
ing the way we understand fundamental questions rang-
ing from particle-wave duality [60–62] to entanglement
and correlations [46, 63, 64]. With the presented model
system as proof of principle and with the rapid advance-
ment of technology, opportunities are envisioned for the
understanding of nonequilibrium dynamics of quantum
systems founded on the dynamics of fluctuations.
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